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Derivation of the logit model from random utility maximisation

A stochastic variable X is said to be Gumbel () distributed if its cumulative distribution function is 
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Then


the mode is (easy to show)



the expected value is EX= where 0.577 (Euler’s constant) (not so easy to show)



the standard deviation is  (not so easy to show)

Property 1

If X is Gumbel (), then Y=X+V  is Gumbel (+V).

Proof: 
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Property 2

The density function of the Gumbel distribution is
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Property 3

If 
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 are Gumbel (1), (2),..., (J) and statistically independent, then
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Proof:
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Property 4

If 
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 are Gumbel (1), (2),..., (J) and statistically independent, then
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Proof:

The proof is carried out for i =1.
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Theorem

Consider an individual who is to choose exactly one out of  J alternatives. Assume that the utility of alternative i can be expressed as a random variable of the form 
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where 
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 is a deterministic quantity, the representative utility, and 
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 is the stochastic variable, the unobserved part of the utility, which in turn is assumed to be Gumbel (0). All 
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 are assumed to be statistically independent. If our individual n maximises utility, then the probability that she chooses alternative i is:
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The expected achieved utility associated with this choice is:
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Proof: According to Property 1, 
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 is Gumbel (Vni). Then the choice probabilities are obtained from Property 4 and the expected achieved utility from Property 3.
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